Lineariz e d free-streamlin e th e ory is used to calculat e th e spraysheet thickness and lift-slope for a flat plate, cavitating, two-dimensional hydr o foil in a channel of finite depth with an upper free surface and lower boundary partly free and partly rigid. Only the case of zero cavitation number is considered. Some measurements were made of the submergence o f a hydrofoil of four inches chord beneath the undisturbed free surface at ve l o cities of 12 and 18ft. /sec. These agree with the trends of the theor y but not with the magnitudes, the subm e r ge nce always b e ing gr ea t e r tha n th a t pr e di c t e d b y th e th e ory. 
number is considered. Some measurements were made of the submergence o f a hydrofoil of four inches chord beneath the undisturbed free surface at ve l o cities of 12 and 18ft. /sec. These agree with the trends of the theor y but not with the magnitudes, the subm e r ge nce always b e ing gr ea t e r tha n th a t pr e di c t e d b y th e th e ory. In their work a cavitating or ventilated flat plate hydrofoil was investigated near a free surface. The submergence was varied so that the hydrofoil went from a cavitating condition to a planing condition near the surface.
Forces were measured in this experiment and compared to the results of several free-streamline theories applicable to this type of flow. One of these is a linearized theory for the flow of an infinitely deep stream past a cavitating hydrofoil in the presence of a free surface. This is the linearized theory due to Schot. (Z) Johnson ( 3 ) considers both flat plate and cambered hydrofoils of finite aspect ratio near a free surface. This latter work is largely experimental. In these cases mentioned, both experiment and theory are concerned with hydrofoils at small angles of attack relatively near a free surface, i.e. two chords and less, and with small cavitation numbers approaching zero. Furthermore, the influence of gravity has been everywhere neglected. The most complete theory which has so far been produced, is ar. exact non-linear theory due to Green. Briefly, the submergence effect on the lift of a flat plate hydrofoil is to increase the lift force as the surface is approached. In the limiting case of zero cavitation number, the cavity is, of course, infinitely long and the lift-slope goes from the value of rr/2 for infinitely deep submergence to the value Tr at the surface for infinitesimal angles of attack. In the experiment of Ref.
(1) the lift increases n10re slowly as the surface is approached than is indicated by linearized theory for flows of infinite depth and zero cavitation number. Incidentally , the lift-slopes are reasonably well accounted for by the theory. Until a complete solution accounting for all of the effects of non-zero cavitation number, channel depth and neighboring free surface is available, the exact cause of this discrepancy probably cannot be determined. In the present report, however, it has been decided to remove at least one of the drawbacks of the theoretical work mentioned previously; namely, there is a bottom at a finite distance beneath the hydro-foil. Of course, Green's exact theory accounts for this effect. It was believed, however, that it was no more work to solve the problem anew by means of the linearized free streamline theory than to recalculate Green's exact solution. In fact, because of the flexibility afforded by the linear theory in determining the flow past relatively complex shapes and nonzero cavitation numbers, it was decided to follow this course rather than that of the exact theory. The linear theory, while suffering notable limitations is expected to provide a good value for the lift-slope at vanishing angles of attack and to account properly for the effects of submergence depth of channel, and even for the effect of a finite length of the bottom channel if such is the case.
The results of the calculations to be presented herein should be of some value to the users of water tunnels. Extensive tables and charts of the various force and geometric quantities involved are presented. In addition, the method of computing the results and the approximations for ·'· digital computations used herewith, are discussed in some detai('' so that the reader may calculate additional cases for himself. In a subsequent report it is planned to consider the case of non-zero cavitation numbers.
Formulation of the problem
We shall apply the free streamline theory to the steady, two-dimensional flow past a flat plate. The stream is of finite depth with the upper surface bounded by a free surface, and the lower surface bounded partly by ...
A companion report (Ref. (8)) may also be consulted for the computaional method used.
4 a solid wall and partly by a free jet. The plate, which has both sharp leading and trailing edges, is inclined at a certain angle of incidence. A spray sheet is formed at the leading edge but the flow off the trailing edge is smooth. The sharpness of the edges allows one to expect that the separations of fl ow occur at these points as shown in Fig. l . Far downstream, the spray sheet and the free jet become inclined at certain angles to the oncoming flow. The magnitude of the velocity along these surfaces equals that of the free stream.
Certain simplifications are then introduced into the problem:
i) the gravity effect is neglected throughout the analysis, ii) the cavitation number is zero (infinitely long cavity), iii) the angle of incidence of the plate with the free stream as well as the final inclinations of the spray sheet and jet are assumed to be small so that linearization of the problem is permitted.
If we denote the velocity by q then a complex perturbation velocity function
....
can be introduced such that q = U(l +u, v).
The dimensionless perturbation velocity components u(x, y) and v(x, y) are assumed to be much smaller than unity. Applying the usual linearized boundary condition on the free surfaces, the plate and the solid wall, we have u = 0 on all free surfaces (constant pressure and speed) v = -a. on the wetted side of the flat plate, v 0 on the solid wall forming part of the lower boundary.
The linearized version of the above problem may then be depicted schematically in a complex z-plane as shown in Fig. 2 .
One would notice that after linearization, the stagnation point on the plate coincides with the leading edge, furthermore, th e streamline at that point splits into two branches.
In addition to the above boundary conditions, the perturbation velocity components must satisfy the following physical conditions:
i) there is a singularity at the leading edge, ii) the streamline has a continuous slope at the platecavity juction (Kutta condition), iii) the perturbation velocity components vanish upstream (atx=-oo).
Preliminary results
We denote the depth of the stream at upstream infinity by H, the thickness of the spray sheet by 6, and the final inclinations of the spray and jet by B and B respectively. These quantities , essential in our l z calculations of the force coefficient and the flow geometry, are to be determined from the theory. In addition, the following quantities are specified:
u the velocity of the free stream, ch the length of the plate, a. the angle of incidence, h the height of th e plate leading edge above the bottom 6 wall, and .£ the length of the bottom solid wall downstream of the leading edge. The submergence of the hydrofoil beneath the undisturbed oncoming flow is the difference between H and h, i.e., H -h. We shall now make a preliminary calculation based on continuity and momentum considerations which gives some use ful relations between the forces and flow geometry.
The ultimate thickness of the spray sheet and lower jet must equal the upstream depth by the continuity relation. Thus if E = 6 /H, the thickness of the jet is ( 1 -E) H. The drag on the plate can be found from a momentum balance and in terms of E it is where a., assumed small, is the angle of attack of the plat e with respect to the oncoming flow.
The lift coefficient is defined as and th e ratios () /u etc., will be independent of u 1n the present th e ory.
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But 6 , within our linear theory , can contain a linear term 1n u. Now in th e limit as u approaches zero, the spray sheet thickness will appr oa ch d . Thus w e c an put
wh e r e g is a function only of the geometrical ratios Ch/ d, Ch/h which has t o be determined from the theory. For vanishingly small angles of a ttack w e will have ii) It provides the correct leading edge singularity (square root singulaity ).
iii)
On the Ri s axis;
is then formed which has on the Ri s axis;
With the aid of Plemelj 1 s formula, ( 6 ) the solution of the Hilbert problem is given immediately by ...
In order to evaluate the final inclinations f) and f) we notice
that according to the linearized theory, the streamline has a slope
In addition, the boundary conditions on the free surface require that everywhere u = 0. Hence, we obtain
The mapping function gives us the following relations of the desired parameters. 
or in an alternate form
is Heuman's Lambda function, K and E are the complete elliptic integrals of the first and second kind of modulus k, and F(lj!, k') and E(lj!, k') are the incomplete elliptic integrals of the second kind of amplitude ljJ, and where M is the double integral and 0 (~+l)(~+b) S ~ . I 1:
where I is the double integral All that now remains is to determine n and to evaluate the double integrals M and I.
i) The number n:
For the calculation of n, one has to utilize the mapping function in
Eq. (4. 1 ). Since N is purely imaginary and n real, the substitution of N for z and n for ~ into Eq. ii)
The double integral M:
The inner integral in Eq. where cp = sin -l · j l < ; , and a. 2 = l + ck 2 > l .
The remaining integral will be treated numerically. For this purpose one must examine the behavior of A Is for small s. By definition,
o rr We have therefore found that the term A /s is singular at s = 0, howo eve r, the singularity is of the order of one half, and is thus integrable.
In order to facilitate numerical computation, we regroup the integrand in the following form; The singular behavior of the integrand is thereby subtracted out, so that the first integral presents no difficulty in computation and the second integral can be integrated in closed form.
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Summarizing the results for M -integral, we have iii)
The double integral I:
The treatment of the integral I is quite similar to that of M.
First, the inner integral is expressed in terms of complete elliptic integrals to reduce I to the single integral, b
where
The whole I integral will be treated numerically. As in treating the M integral, we shall examine first the behavior of the quantity (1-A)/(b-s) 
W e th e r e fore apply the same technique as we did in the treatment o f M integral to yield.
wher e b Reference (7) gives the following expansion of K n l l
where F is the usual hypergeometric function.
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Now we let the depth of the stream become large and the leading terms of the following expansions are readily obtained : We will now obtain the first order wall effect by letting h become large. We obtain after a little manipulation the approximate result There are two simple limiting situations: One of zero submergence and one of infinite submergence. We will consider them separately. i) Zero submergence. We may set c in the mapping function to be zero to obtain
The slope of lift coefficient now becomes for this case. Now we will let the chord become large compared to the depth, so that Ch/h approaches infinity and k' approaches zero.
K function has then the well known behavior K-log 4/k'.
The
If we substitute log 4/k', for K into C L , we have
or C L grows linearly in Ch/h when Ch/h is large. a This result is almost intuitively apparent since the plate is then subject to stagnation pressure over the whole surface.
ii)
Infinite submergence.
The mapping yields the relation
and the lift slope
As b -1, and = 1 .
We get the same result as the previous case. pectively.
An inspection of Fig. 5 brings out the fact that the effect of the bottom and that of the free surface are in the same direction; namely, to increase the lift slope. Moreover, the influence of both the bottom and the free surface extends to many chords and decreases even th e n at a slow rate. For example, the fully submerged limit (C L = '!1' 12) is a.
23 not reached even with a submergence of 100 chords; and the presence of the bottom is still in evidence with ten chords of depth beneath the foil.
Interestingly, the spray sheet contraction 6 I d shows only a minor dependence on channel depth ratio, Chlh, but it is affected to a marked degree by the angle of attack. This is, of course, just the effect of g as indicated in Eq. (3. 4). In fact, it would have been perhaps more illustrative to plot the ratio of gld rather than that of 6ld as is done in Fig. 6 . In any event, even at the moderate angle of six degrees, the spray sheet can become significantly less than distance d. We may add that previous linearized theories have not distinguished between these quantities.
The submergence of the hydrofoil beneath the undisturbed surface is given in Fig. 7 for various ratios of Chid and chord-depth ratio Chlh. The submergence, like the spray sheet will depend upon the angle of attack. At vanishingly small angles, the subm e rg e nce becomes equal to the quantity d, but even at small angles it is seen to become appreciably less than this. The submergence ratios in Fig. 7 are calculated for a. = 6°. The limiting case x = 0 is also shown. It In these photographs three water surfaces can be seen: the level exterior to the two -dimensional insert, the lower and upper boundaries of the cavity, and finally the top of the spray sheet itself. The curving, exterior water surface just above the hydrofoil should be disregarded. It should be mentioned that the effects of friction on the inside of the channel result in a very gradual curvilinear flow, the surface of which is slightly inclined to the horizontal. Angles of attack were determined relative to this undisturb- It is apparent from Fig. 10 that the observed submergence is always greater than that calculated, and that ti1e discr epancy increases with angle of attack. There is no perceptible difference in behavior with velocity (or Froude number) although one may observe in Fig. 9 that there is a substantial gravity effect on the spray sheet causing it to follow a curved trajectory. The actual magnitude of the difference in the observed 0 and calculated value at 6 angle of attack amounts to about 0. l chord or in the case of the present experiment nearly 0. 4 inches. This is too large for experimental error. In these spray sheet measurements the cavity was vented to atmosphere. Nevertheless, there was still a hydrostatic gradient.
We are at somewhat of a loss for a quantitative explanation of the lack of agreement between the theory and experiment insofar as the spray sheet measurements go. The experiments do, however, follow the predieted trends, even exhibiting the negative submergence although to a smaller magnitude. Gravity would have such an effect as it tends to prevent the free surface from rising. At the same time, the observations suffer because the measurements were made in a rather narrow channel   ------------------------ 
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(six inches). The sidewall boundary layers in the channel at the site of the hydrofoil amounted to about one -half inch in thickness ( 9 ) and there was also a small but undetermined curvature of the undisturbed free surface. The slope of this surface at the point of hydrofoil immersion was three degrees. With this combination of circumstances, one should, perhaps, not expect better agreement with a linear theory at zero cavitation number.
In closing, it is worthwhile to mention that it is easy to extend the present calculations to account for arbitrary hydrofoil shape. Furthermore, it is not much harder to carry the problem through for non-zero cavitation numbers provided one of the simpler "wake" models is adopted as the prescription for the flow. ' L c A ( ,1, I k,:,) -2 J"t; .,. ---- 
